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ABSTRACT

The ternary homogeneous quadratic equation given by (X2 + y2) —Xy+X+Yy+1l= 1622 representing

a cone is analyzed for its non-zero distinct integer solutions. A few interesting relations between the solutions
and special polygonal and pyramided numbers are presented.

INTRODUCTION
The Diophantine equations offer an unlimited field for research due to their variety [1-3].In particular, one may
refer [4-24] for quadratic equations with three unknowns. This communication concerns with yet another

interesting equation (X2 + y2) — Xy +X+Y +1=1622 representing homogeneous quadratic equation
with three unknowns for determining its infinitely many non-zero integral points. Also, a few interesting
relations among the solutions are presented.

NOTATIONS USED
1. Polygonal number of rank ‘n” with sides m

SRS

2. Pronic number of rank ‘n’

Pr. =n(n+1)

METHOD OF ANALYSIS
The ternary quadratic diophantine equation under consideration is

(X*+y?)—xy+Xx+y+1=162° (1)
The substitution of the linear transformations
X=U+V ; y=U-v (u=0,v=0) 2

in (1) gives

(u+1)* +3v* =1627 ®3)
Taking u+1=U

in (3), it gives

U? +3v? =162° (4)

Now, (4) is solved through different methods and thus, different patterns of solutions to (1) are obtained.
Method: 1

Write (4) as

U? -16z° = —3v?

ie) (U +42)(U —4z2)=-3v? (5)
Choice (i)

Write (5) in the form of ratio as
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—3v :(U+4Z):g,,8¢0 ©)
(U-42) v Yl
This is equivalent to the following two equations
-aU-3v+40z=0
Ug—-av+4pz2=0 ()
Applying the method of cross multiplication, the above system of equations is satisfied by
U= u+1l=4a" —12ﬂ2
v =8af
z= a’+3p° (8)
Substituting the values of u and v in (2), we get
X =4a? —12,82 —1+8ap
y=4052 —12,6’2 —1-8ap 9)
Thus (8) and (9) represent non-zero distinct integral solutions of (1) in two parameters.

Properties:-
A few interesting properties are as follows:-

(1) x(a,a)—y(a,a)-16t,, =0
(2 x(2a,a)+y(2a,a)-8t,,+2=0
(3) z(5b,5b) is a perfect square.
4) z(b,4b) isa perfect square.
6) x(La)+yl,a)+z@a)+21t,, —-7=0
Choice (ii)
(5) is written in the form of ratio as
-3v. U -47) «

(U+4z) v B’
This is equivalent to the following two equations

-oU—-3pv-40z=0

U —av—462=0 (11)

Applying the method of cross pnultiplication, the above system of equations is satisfied by
U= U+l=—4a®+124°

vV =—-8ap

z=a’+3p° (12)
Substituting the values of u and v in (2), we get

X =—4a’ +12ﬁ2 —1-8apf

y=—4052 +12,82 —1+8apf (13)
Thus (12) and (13) represent non-zero distinct integral solutions of (1) in two parameters.

L =0 (10)

Properties:-
A few interesting properties are as follows:-

€)) X(2,a)+y(2,a)+z(2,a)-27t,, +30=0
2 X(b,) +y(b1)+8t,, —22=0
(3) z(4b,4b) s a perfect square.
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4 y0»,2)-z(b,2)+21t,, —16pr, —35=0.
6) X@,a)-z(@,a)-17t,, +8pr, +6=0

Choice (iii)
Also, (5) is written in the form of ratio as
U+4z v

o
= =—, 0 14
-3v U-4z p p= (4

This is equivalent to the following two equations
U +3av+4z2=0
—-Ua+p//N+40z=0 (15)
Applying the method of cross multiplication, the above system of equations is satisfied by
U= u+1=12a” —45°
vV =—-8ap
z = 3a’+ p? (16)
Substituting the values of u and v in (2), we get
x=12c* —4,82 —1-8af

y:12a:2 —4ﬂ2 —1+8af a7
Thus (16) and (17) represent non-zero distinct integral solutions of (1) in two parameters.
Properties:-

A few interesting properties are as follows:-
€)) X@,—a)-y@d,—a)-z(1,—-a)+17t,, —16pr, +3=0

@) X(2,b)+y(2,b) +2z(2,b)+7t,, —106=0

(3) X(2,-b)—-z(2,—b)+21t,, —16pr, —35=0
4) Xx(a,a)+y(a,a)+z(a,a)—20t,, +2=0

6) X(-a,—a)-y(-a,—a)—z(-a,—a)+20t,, =0

Choice (iv)
Again (5) is written in the form of ratio as
U-4z v

(94
= =—, 0 8
-3v. U+4z p p= =

This is equivalent to the following two equations
UL +3av—4z2=0
—-Ua+pv—4az=0 (19)
Applying the method of cross multiplication, the above system of equations is satisfied by
U= u+1=-12a° +43°
Vv =8af
z = 3a’+ p? (20)
Substituting the values of u and v in (2), we get
X=—-12a” + 4,6’2 —1+8apf

y=—12052 +4ﬂ2 —1-8ap (21)
Thus (20) and (21) represent non-zero distinct integral solutions of (1) in two parameters.
Properties:-

A few interesting properties are as follows:-
€] x(a,3)+y(a3)+24t,, —~70=0
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) X(—a,—a)—z(-a,—a)+4t,, +1=0

3) X(a,a)+y(a,a)+16t,, +2=0

4  x@—b)+y@,—-b)+z@—-b)-ot,, 6 +23=0
(5) X(3,a)+y(3,a)+z(3,a)-9,, +191=0

Method: 2

Assume z=1z(a,b) = a’ +3b? (22)
where a,b are non-zero integers,

Write 16as 16 = (2 +12+/3)(2—i2+/3) 23)

Substituting (22) and (23) in (4) and employing the method of factorization, we’ve
(2U +i2+/3v)(2U —i24/3v) = (2+i2+/3)(2—i2+/3)(a+i/3b)? (a—i~/3b)?

The above equation is equivalent to the system of equation

(2U +i2+/3v) = (2 +i2v/3)(a +i+/3b)’ (24)
(2U —i2+/3v) = (2—i24/3)(a—i/3h)? (25)

Equating the real and imaginary parts in (24)

U=u+1= u(a,b) =2a® —6b* —12ab

v= v(a,b) =2a® —6b” +4ab

Substituting the values of the u and v in (2), we’ve

x= X(a, b) =4a® —12b* —8ab -1 (26)
y=Yy(ab)=-16ab-1 (27)

Thus (26) (27) and (25) represent non-zero distinct integral solutions of (1) in two parameters.
Properties:-

1) X(—-a,2) -y(-a,2)-20t, , +16pr, +48=0

) y(ad)+z(al)—-17t,, +16pr,—2=0
(3) (8b,8b) is a perfect square.
(4) (12b,12b) is a perfect square.
(5) -X@,a)+y@L,a)+z@,a)—-23t,, +8pr, +3=0
Case(ii)
Write 16 as

16 = (—2+i2+/3)(—2—i2+/3) (28)

Substituting (22) (28) in (4) and employing the method of factorization, we’ve

(—2U +i2+/3v)(—2U —i2/3v) = (-2 +i2/3)(—2—i2+/3)(a +i+/3b)? (a—i+/3b)?

The above equation is equivalent to the system of equation

(—2U +i24/3v) = (-2 +i2+/3)(a +i+/3b)? (29)
(—2U —i2/3v) = (-2 - i24/3)(a — i+/30)? (30)

Equating the real and imaginary parts in (29)
U=u+l= u(a,b) =—-2a” +6b* —12ab
v= v(a,b) =2a® —6b”* —4ab

Substituting the values of the u and v in (2), we’ve

x= X(a, b) =—16ab-1 (31)

y= y(ab) =—4a”® +12b* —8ab -1 (32)
Thus (31) (32) and (4) represent non-zero distinct integral solutions of (1) in two parameters.
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Properties:-

1) X(—a,—a)+y(-a,—a)+16t,, +2=0

®) X@,a)+z(,a)—-19t, +16pr, =0

(3) (32b,32b) s a perfect square.

(4) (24b,24Db) is a perfect square.

(5) Xx@,a)+y@,a)+z(@Q,a)+39,, +24pr, +5=0

CONCLUSION
In this paper, we have obtained infinitely many non-zero distinct integer solutions to the ternary quadratic

diophantine equation represented by (X2 + yz) —Xy+X+Yy+1l= 1622 As guadratic equations are

rich in variety, one may search for other choices of quadratic equation with variables greater than or equal to 3
and determine their properties through special numbers.
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